It is known that, under appropriate conditions, the amplitude of vibration of some blades in the mistuned bladed disk system become large compared to what would be predicted by an analysis of the perfectly tuned system. In this paper, the rms responses of the mistuned bladed disk system subjected to random excitation with the spatial decorrelation and correlations are investigated. The effect of the correlation of the random excitation on the rms response is discussed. It is shown that the rms response of the mistuned system subjected to the spatially-uncorrelated random excitation is almost the same as that of the tuned system. In the case the random excitation is spatially-correlated, it is noted that the rms responses of the mistuned system is much larger than those of the tuned system and that the mistuning configurations effect on the rms responses. With the spatial correlation, it is also noted that the particular mode shapes play an important role in the rms response.
Introduction
For analysis of dynamic characteristics of bladed disk systems, such as jet engines and turbines, the assumption that all the blades are identical and the system is cyclic symmetric is often used(tuned system). However, in a real system, there are small differences in the individual blades' structural properties that results from manufacturing tolerance. The system becomes nearly periodic structure(mistuned system). It is known that certain blades in a mistuned system show high responses (localized forced vibration) that response analysis of blades in a tuned system cannot predict. Elucidating localized forced vibration is an important engineering problem (1) . Many studies have been conducted on the response localization phenomena of mistuned bladed disk systems subjected to deterministic excitation (2) . It has been reported that localized forced vibration is more likely to occur in the case of free standing blades without a shroud than in the case of integral shroud blades (3) and that response localization can be prevented by the mistuning configuration that splits natural frequencies of the degenerated two modes in a tuned system corresponding to engine order excitation (4) .
In recent years, the limit design approach has been adopted for designing blades. As a result, random vibration of upper-stage blades of gas turbines owing to disturbance of combustion and random vibration of last-stage blades of steam turbines during operation under low-load, low-vacuum conditions have attracted attention (5) . When blades are excited by spatially uncorrelated white noise, it has been reported that the mistuning effect (ratio of responses compared with a tuned system) on a bladed disk system subjected to random excitation is significantly lower than in the case of one subjected to deterministic excitation (5) and that the sensitivity of responses to mistuning is large in the case of excitation by non-white noise with dominant frequencies in the vicinity of the system's natural frequency (6) . However, there have been fewer studies on random vibration of mistuned bladed disk systems compared with studies of systems subjected to deterministic excitation. Moreover, the mistuning effect in case of random excitation with spatial correlation is not elucidated. This paper presents an analytical method for root mean square (rms) responses of a mistuned bladed disk system subjected to random excitation with or without spatial correlation and discusses the relationship between spatial correlation and maximum rms responses of blades.
Analytical Model and Random Vibration Analysis

Analytical model
In this paper, the free-standing blade structure shown in Figure 1 is modeled by the lumped mass system shown in Figure 2 . Taking interblade coupling into consideration, we focus on displacement of blades in the out of plane direction. m b , k (s) b , c b , and x (s) b are blade equivalent mass, equivalent stiffness, equivalent damping coefficient, and displacement, m d , k d , c d , and x (s) d are disk equivalent mass, equivalent stiffness, equivalent damping coefficient, and displacement, and k dc is interblade coupling stiffness. The superscript s is the number indicating the order of the segment (consisting of the s th blade and a supporting disk). The equation of motion for a bladed disk system with N blades when N is the number of blades is as follows:
Here, the coefficient matrix for Equation (1) is as follows:
Mistuning is assumed to exist in blade stiffness k (s) b , which is expressed by the equation below using ε (s) and k b , which are mistuning value and blade stiffness of the tuned system, respectively.
For excitation of the v th blade, f (v) (t), the mean value of excitation is assumed to be 0 and correlation functions are assumed to be as follows:
Equation (5) shows there is temporal correlation of R τ (τ) and there is spatial correlation of R θ (v, w) between the v th blade and the w th blade. Blades are assumed to be excited by temporally white noise (intensity of S 0 ) (7) , and R τ (τ) is expressed by the following equation. 
Journal of System Design and Dynamics
R θ (v, w) is shown in Section 2.3 below.
Random vibration analysis
Eigenvalue problems of an equation of motion are considered. When damping is small enough to be neglected, the following generalized eigenvalue problem is derived from Equation (1):
From Equation (7), normalized eigenmode {ψ i } corresponding to i th natural angular frequency ω i is determined, and the response of i th mode p i is expressed by the following equation:
where ζ i is the modal damping ratio of i th mode and 2ζ i ω i is determined by i th diagonal 
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Vol. 6, No.1, 2012 in the s th row component of normalized eigenmode {ψ i }. In this paper, a stochastic approach is adopted for response evaluation in order to focus on random excitation. Equation (8) is a linear differential equation; the mean value of responses p i ,ṗ i becomes 0 because the mean value of excitation is 0. The equations below are moment equations (8) that govern responses of the second moment of response values p i , p j ,ṗ i , andṗ j of each mode.
Because this paper focuses on steady state responses, all the left-hand values of Equations (9) are 0, and Equations (9) can be solved as simultaneous equations where
,and E[ṗ iṗ j ] are unknown. By solving Equations (9), the following equation is obtained:
where β i = 2ζ i ω i . The steady rms response of the s th blade displacement x (s) b (hereinafter simply referred to as "rms value") is expressed by the following equation:
Spatial correlation of random excitation
In this paper, three types of functions for spatial correlation of random excitation are used for analysis: decorrelation, perfect correlation, and correlation with wave number 1.
When excitation of blades is assumed to be spatially uncorrelated (in the circumferential direction), the spatial correlation function is expressed as follows:
Thus, from Equation (12), Equation (10) is expressed by the following equation:
When excitation is assumed to be spatially correlated perfectly (in the circumferential direction), the spatial correlation function and Equation (10) are expressed by the following equations, respectively:
When excitation is assumed to be spatially cosine-shaped correlated where neighboring blades are excited similarly and blades far from one another are excited reversely, the correlation function and Equation (10) are expressed by the following equations, respectively: 
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(17) Figure 3 shows examples of correlation when the number of blades is eight. Figure 3 (a) shows R θ (4, w) in perfect correlation and Figure 3 
The vertical axis is correlation and the horizontal axis is blade number w. 
Mistuning value
Uniform distribution and normal distribution are used for probability distribution of mistuning values. In uniform distribution, probability density is uniform as shown in Figure 4 (a), and in normal distribution, probability density is expressed by N(0, 0.01) as shown in Figure 4(b) . The vertical axis is probability density and the horizontal axis is mistuning value. Distribution is normalized so that the integral value of probability density function is 1 in the interval from -3% to +3%. The dotted line is the boundary when each distribution is divided into eight intervals with the same integral value and the mistuning value at the midpoint of each interval is determined to be the mistuning value for the interval. Table 1 presents mistuning values produced from each distribution and standard deviation of these mistuning values. 
Effect of Spatial Correlations on Responses
System parameters
Parameters shown in Table 2 are used for analysis. These parameters have been fixed using Kaneko et al. (3) for reference. The number of blades N is eight so that it is possible to analyze all the blade configurations. Vol.6, No.1, 2012 
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Comparison of maximum rms values for each correlation
The blade with the lowest stiffness was determined to be blade number 1, which was fixed, and mistuning values of stiffness of other blades were rearranged and all the configurations were analyzed.
In mistuning distribution of each correlation, by focusing on maximum rms values of blades in each blade configuration, blade configurations were ranked in descending order of the maximum rms value. Table 3 presents the highest-ranked maximum rms value of the worst blade configuration and the lowest-ranked (7! = 5040th) maximum rms value of the best blade configuration. Each rms value is normalized by the rms value of the tuned system.
From Table 3 it is clear that, when spatially uncorrelated, the mistuning effect is extremely small and the maximum rms value of the worst blade configuration in either distribution is virtually the same as the rms value of the tuned system. On the other hand, when spatially correlated, the mistuning effect is large and the maximum rms value in either distribution differs from the rms value of the tuned system. When spatially correlated, the mistuning effect varies greatly depending on the configuration of mistuned blades as the maximum rms value of the worst blade configuration greatly differs from the maximum rms value of the best blade configuration in each distribution. Figure 5 (a) and (b) show histograms of maximum rms values when the correlation function is R θ (v, w) = cos{2π(w − v)/N} in uniform and normal distributions, respectively. The horizontal axis is the rms value normalized by the rms value of the tuned system, and the vertical axis is the probability of the rms value being the maximum within each range of rms values. The dotted line indicates a normal distribution curve depicted using the mean value and the standard deviation of maximum rms values. From Figure 5 it is clear that the mistuning effect varies greatly depending on the arrangement of mistuned blades. It is also clear that the standard deviation of maximum rms values is larger in uniform distribution where the standard deviation of mistuning distribution is large. 
Effect of Mode Shape on Responses
The number of modes of vibration of the system, which is shown in Figure 2 , is 2N. N modes of them are the modes of vibration of which components of blade part are dominant. The remaining N modes are modes of vibration of which components of disk part are dominant. The former N modes are considered in the following analyses, because we focus on the vibration of blade.
Spatial correlation and mode shape
We focus on the expectation E[p i p j ] in Equation (10) used in calculation of rms values. Expectation E[p i p j ] is the largest when two natural frequencies ω i , ω j are identical, i.e. i = j. Therefore, the following equation is obtained:
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The expression in Equation (18) shown below is determined by the mode shape and the spatial correlation function.
When the mode shape and spatial correlation, which have been considered discretely, are expressed by a continuous function in the circumferential direction, Expression (19) is expressed as follows:
where φ i (θ) is the shape of normalized eigenmode {ψ i } expressed by a continuous function in the circumferential direction, andR θ (θ 1 , θ 2 ) is the shape of spatial correlation R θ (v, w) expressed by a continuous function in the circumferential direction. The following equations are derived from Fourier expansion of circumferentially continuous mode shape φ i (θ) and spatial correlationR θ (θ 1 , θ 2 ) :
Further, Expression (20) can be expressed by the equation below because of orthogonality of trigonometric functions:
where R in is the wave number n component contained in the i th mode shape, and δ i is the constant for normalization and the relations below exist:
According to Equation (22), it is suggested that the larger the value of R in , which is the wave number n component of i th mode shape, where n is wave number of a spatial correlation function, the greater the expectation of Equation (18) becomes.
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Mode shape and expectation
It has been reported that, in the case of deterministic excitation, the effect of the mistuning configuration's wave number on responses is large (4) . Therefore, mistuning values of blades are produced using the mistuning configuration with wave number j , which is expressed by the following equation:
In the analysis,κ, which is the wave number j component of the mistuning configuration, is changed from 0% (tuned system) to 10%. In order to confirm the result in the preceding section, the value of R in , which is the wave number n component contained in the i th mode that agrees with wave number n in a spatial correlation function, is compared with the expectation of Equation (18). Focusing on the case of the spatial correlation function with wave number 1 R θ (v, w) = cos{2π(w−v)/N}, the effect of the magnitude of the mistuningκ on R i1 , which is wave number 1 component in the i th mode, and the effect of the magnitude of the mistuningκ on expectations E[p 2 i ] are compared. Figure 6 shows the effect ofκ on wave number 1 component of each mode of the system with a mistuning configuration of wave number 2. The vertical axis is the magnitude of wave number 1 component, and the horizontal axis isκ, which is the wave number 2 component of the mistuning configuration. The brown solid line indicates the wave number 1 component of the 1st mode, the red dotted line the 2nd mode, the yellow dotted line the 3rd mode, the yellowish green dashed line the 4th mode, the green dashed-dotted line the 5th mode, the light blue long-dashed line the 6th mode, the blue long-dashed-dotted line the 7th mode, and the purple long-dashed-two-dotted line the 8th mode. Figure 7 shows the effect ofκ of the wave number 2 component of the mistuning configuration on the expectations of Equation (18), when the spatial correlation function is R θ (v, w) = cos{2π(w − v)/N}. The vertical axis is the expectation, and the horizontal axis isκ. The brown solid line indicates the expectation for the 1st mode (i = 1), the red dotted line the 2nd mode (i = 2), the yellow dotted line the 3rd mode (i = 3), the yellowish green dashed line the 4th mode (i = 4), the green dashed-dotted line the 5th mode (i = 5), the light blue long-dashed line the 6th mode (i = 6), the blue long-dashed-dotted line the 7th mode (i = 7), and the purple long-dashedtwo-dotted line the 8th mode (i = 8).
From Figure 6 , it is clear that the wave number 1 component of the 2nd mode and of the 3rd mode, for which wave number 1 component is dominant in a tuned system, are larger than those of other modes even in the case of addition of mistuning value. Therefore, in Figure 7 , expectations for the 2nd mode and the 3rd mode are large. Comparison of Figure 6 and Figure  7 reveals that the change of the magnitude of wave number 1 component of each mode and the change of the expectation always correspond. Whereas veering phenomenon (2) occurs for the 5th mode and the 6th mode (near 6.2%) and for the 7th mode and the 8th mode (near 2.6%) in Figure 6 , veering phenomenon in expectations, corresponding to those modes, also occurs in Figure 7 . That is, the magnitude of wave number 1 component for each mode and the expectation(Equation (18)) change in the same manner. Therefore, the expectation(Equation (18)) is determined by R in , which is wave number n component of ith mode shape that agrees with wave number n in spatial correlation. Although it is not presented in this paper, it has also been confirmed that this consideration also applies to a system with mistuning configuration of other wave numbers.
Evaluation of responses by dominant expectation
Rms value is calculated by Equation (11). It is presented in Section 4.1 that, concerning expectation E[p i p j ] , which is in the right-hand side of Equation (11) expectation and approximate Equation (11) as follows:
Equation (25) is determined by q si , which is the component of sth blade of ith mode shape, and by the major expectation E[p 2 i ] . As shown in Section 4.2, the major expectation is dependent on R in , which is wave number component of mode shape that agrees with wave number n in spatial correlation. Here, considering that wave number component, which is dominant in a tuned system, remains dominant even in the case that mode shape changes owing to mistuning (see Figure 7) , it is suggested that the dominant expectation, which has a large effect on rms values, is the expectation for the 1st mode in the case of perfect correlation and expectations for the 2nd and the 3rd modes in the case that the spatial correlation function is R θ (v, w) = cos{2π(w − v)/N}. Therefore, Equation (11) is approximated as Equation (26) in the case of perfect correlation and Equation (27) in the case that the correlation function
Approximated rms values calculated by these equations and exact rms values calculated by Equation (11) are compared. Assuming that mistuning distribution is uniform distribution, all blade configurations were analyzed. Vol.6, No.1, 2012 by Equation (11), and the horizontal axis is the maximum rms value calculated by the approximated equation. The maximum rms values in both cases are normalized by the rms values of the tuned system calculated by Equation (11). In Figure 8 Figure 8(a) indicates that, in the case of perfect correlation, the first-order coefficient of the linear fitted line is 1.02, which is almost close to 1, and the maximum rms values calculated by Equation (26) are almost the same as exact maximum rms values. The correlation coefficient is 0.98, which is also close to 1, and the values calculated by Equation (26) well reflect the trend of exact maximum rms values. Figure 8(b) indicates that, in the case that the correlation function is R θ (v, w) = cos{2π(w − v)/N}, the first-order coefficient of the linear fitted line is 0.85 and the maximum rms values calculated by Equation (27) are slightly greater than exact maximum rms values. The correlation coefficient is 0.89, which is close to 1, and the values calculated by Equation (27) reflect the trend of exact maximum rms values.
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Therefore, the magnitude of maximum rms values can be obtained by the dominant expectation, which is a major expectation with a particularly large value, and by q si , which is the component of sth blade of the corresponding mode. In other words, the maximum rms can be obtained by R in of the mode of which R in is particularly large and by the component q si of sth blade of ith mode. Here, R in is wave number component of mode shape that agrees with wave number n in spatial correlation. As a result, it becomes possible to approximately calculate maximum rms values using Equation (26) 
Conclusion
In this paper, the relation between spatial correlation and maximum rms response of a mistuned bladed disk system subjected to random excitation was studied, taking spatial correlation into consideration. The following findings were obtained:
( 1 ) Whereas mistuning effect is extremely small when spatially uncorrelated, mistuning effect is large when spatial correlation exists.
( 2 ) Mistuning effect varies depending on the arrangement of a mistuned blade when spatial correlation exists.
( 3 ) The greater the magnitude of R in , which is wave number component of mode shape that agrees with wave number n in spatial correlation, the greater the expectation E[p i p j ] becomes that indicates mode correlation required for calculation of rms values.
( 4 ) Maximum rms values calculated solely by the dominant expectation virtually agree with exactly calculated maximum rms values. Vol.6, No.1, 2012 ( 5 ) The maximum rms can be obtained by R in of the mode of which R in is particularly large and by the component q si of sth blade of ith mode. Here, R in is wave number component of mode shape that agrees with wave number n in spatial correlation.
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